introduced the formalism of type spaces to provide a simple and parsimonious representation of belief hierarchies. He explicitly noted that his formalism was not limited to modelling a player's beliefs about payoff-relevant variables: rather, its strength was precisely the ease with which Ann's beliefs about Bob's beliefs about payoff variables, Ann's beliefs about Bob's beliefs about Ann's beliefs about payoff variables, and so on, could be represented.
For instance, solution concepts such as Nash equilibrium or rationalizability can be characterized by means of restrictions on the players' mutual beliefs. In principle, these assumptions could be formulated directly as restrictions on players' hierarchies of beliefs; but in practice the analysis is mostly carried out in the context of a type space à la Harsanyi. This is without loss of generality only if Harsanyi type spaces do not themselves impose restrictions on the belief hierarchies that can be represented. Similar considerations apply in the context of robust mechanism design.
A rich literature addresses this issue from different angles, and for a variety of basic representations of beliefs. This article focuses on hierarchies of probabilistic beliefs; however, some extensions are also mentioned. For simplicity, attention is restricted to two players, denoted '1' and '2' or 'i' and 'Ài.' Probabilistic type spaces and belief hierarchies Begin with some mathematical preliminaries. A topology on a space X is deemed Polish if it is separable and completely metrizable; in this case, X is itself deemed a Polish space. Examples include finite sets, Euclidean space R n and closed subsets thereof. A countable product of Polish spaces, endowed with the product topology, is itself Polish. For any topological space X, the notation D(X) indicates the set of Borel probability measures on X. If the topology on X is Polish, then the weak Ã topology on D(X) is also Polish (for example, Aliprantis and Border, 1999, Theorem 14.15) . A sequence {m k } kZ1 in D(X) converges in the weak Ã sense to a measure mAD(X), written m k À! w n m, if and only if, for every bounded, continuous function c :
The weak Ã topology on D(X) is especially meaningful and convenient when X is a Polish space: see Aliprantis and Border (1999, ch. 14) for an overview of its properties. Finally, if m is a measure on some product space X Â Y, the marginal of m on X is denoted marg x m.
The basic ingredient of the players' hierarchical beliefs is a description of payoffrelevant or fundamental uncertainty. Fix two sets S 1 and S 2 , hereinafter called the uncertainty domains; the intended interpretation is that S Ài describes aspects of the strategic situation that Player i is uncertain about. For example, in an independent private-values auction, each set S i could represent bidder i's possible valuations of the object being sold, which is not known to bidder Ài. In the context of interactive epistemology, S i is usually taken to be Player i's strategy space. It is sometimes convenient to let S 1 = S 2 S; in this case, the formalism introduced below enables one to formalize the assumption that each player observes different aspects of the common uncertainty domain S (for instance, different signals correlated with the common, unknown value of an object offered for sale).
An (S 1 , S 2 )-based type space is a tuple T ¼ ðT i ; g i Þ i¼1;2 such that, for each i = 1, 2, T i is a Polish space and g i : T i -D(S ÀI Â T Ài ) is continuous. As noted above, type spaces can represent hierarchies of beliefs; it is useful to begin with an example. Let S 1 = S 2 = {a, b} and consider the type space defined in Table 1 . To interpret, for every i = 1, 2, the entry in the row corresponding to t i and (s Ài , t Ài ) is g i (t i )({(s Ài , t Ài )}). Thus, for instance, g 1 ðt 1 Þðfða; t 0 2 ÞgÞ ¼ 0; g 2 (t 2 )({b} Â T 1 ) = 0.5. Consider type t 1 of Player 1. She is certain that s 2 = a; furthermore, she is certain that Player 2 believes that s 1 = a and s 1 = b are equally likely. Taking this one step further, type t 1 is certain that Player 2 assigns probability 0.5 to the event that Player 1 believes that s 2 = b with probability 0.7.
These intuitive calculations can be formalized as follows. Fix an (S 1 , S 2 )-based type space T ¼ ðT i ; g i Þ i¼1;2 ; for every i = 1, 2 define the set X 0 Ài and the function h
Thus, h 
